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Abstract
Denote by b(n) the number of non-equivalent linear codes in Fn2 and by Gn,2 the number of subspaces
in Fn2. M. Wild gave a proof that limn→∞(n!b(n)/Gn,2) = 1. R. Lax pointed out that Wild’s proof contains
a gap which does not appear to have an easy fix. In this paper, we give a complete proof for the formula
limn→∞(n!b(n)/Gn,2) = 1.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Let Fq be the finite field with q elements and let Sn be the symmetric group on {1, . . . , n}. The
group Sn acts on Fn2 by permuting the coordinates. Let V(Fn2) be the set of all subspaces of Fn2.
Naturally, Sn acts on V(Fn2). The Sn-orbits in V(Fn2) are the equivalence classes of binary linear
codes of length n.
Let b(n) be the number of Sn-orbits in V(Fn2). For relatively small n, b(n) can be computed us-
ing the Burnside lemma. However, for general n, no explicit formula for b(n) is known. Wild [5]
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Gn,2 =
∣∣V(Fn2)∣∣= n∑
i=0
[
n
i
]
2
,
where
[
n
i
]
2 is the 2-binomial coefficient. It was claimed in [5] that
lim
n→∞
n!b(n)
Gn,2
= 1. (1.1)
Recently, Lax [2] pointed out that the proof of (1.1) given in [5] contains a gap which does not
appear to have an easy fix. Lax [2] proved a weaker version of (1.1). However, to our knowledge,
Eq. (1.1) itself remains unsettled. The sole purpose of the present paper is to establish (1.1). We
will leave the consideration of the q-ary analog of (1.1) for other occasions. In [3], Lefmann,
Phelps and Rödl proved that almost all binary linear codes do not have any non-trivial auto-
morphism. This result, although of great interest in its own, does not lead to the asymptotic
formula (1.1).
Our proof follows the same line of arguments as in [5] but is based on more accurate estimates.
Preliminaries are given in Section 2. The proof of (1.1) is given in Section 3.
2. Preliminaries
For sequences of real numbers f (n) and g(n), f (n) ∼ g(n) means that limn→∞ f (n)g(n) = 1. Let
Gn,q be the number of all subspaces in Fnq , i.e.,
Gn,q =
n∑
i=0
[
n
i
]
q
,
where
[
n
i
]
q is the q-binomial coefficient. It was shown in [5] that there exist positive real numbers
a1(q) and a2(q), depending on q , such that
G2m+1,q ∼ a1(q)q 14 (2m+1)2 and G2m,q ∼ a2(q)q 14 (2m)2 . (2.1)
From the proof of (2.1) in [5], it is also clear that there exists an absolute constant D > 1 such
that
Gn,q D · q 14 n2 (2.2)
for all n 0 and all prime powers q .
Let V be a vector space over a field F and T :V → V a linear transformation. Denote the set
of all T -invariant subspaces of V by L(T ). For each σ ∈ Sn, its action on Fn2 is denoted by Tσ .
From the Burnside lemma, we have
b(n) = 1
n!
∑∣∣L(Tσ )∣∣= Gn,2
n! +
1
n!
∑ ∣∣L(Tσ )∣∣.
σ∈Sn σ∈Sn\{id}
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1
Gn,2
∑
σ∈Sn\{id}
∣∣L(Tσ )∣∣→ 0 as n → ∞. (2.3)
In the light of (2.1), statement (2.3) is equivalent to
2−
1
4 n
2 ∑
σ∈Sn\{id}
∣∣L(Tσ )∣∣→ 0 as n → ∞. (2.4)
For integer n  0, let p(n) be the number of partitions of n. It is well known that (e.g., [4,
Chapter II])
p(n) ∼ 1
4
√
3n
eπ
√
2/3
√
n. (2.5)
Lemma 2.1. For σ ∈ Sn, denote the conjugacy class of σ in Sn by [σ ]. Then∑
σ∈Sn\{id}
∣∣L(Tσ )∣∣< p(n) · max
σ∈Sn\{id}
∣∣[σ ]∣∣∣∣L(Tσ )∣∣.
Proof. Let σ1, . . . , σp(n)−1 be the representatives of conjugacy classes of Sn other than {id}.
Then
∑
σ∈Sn\{id}
∣∣L(Tσ )∣∣= p(n)−1∑
i=1
∣∣[σi]∣∣∣∣L(Tσi )∣∣ (p(n) − 1) · max
σ∈Sn\{id}
∣∣[σ ]∣∣∣∣L(Tσ )∣∣. 
In Section 3, we will prove (2.4) by estimating maxσ∈Sn\{id} |[σ ]||L(Tσ )|. Same as in [5], we
will use certain results from Brickman and Fillmore’s work [1] on invariant subspaces. We collect
these results in the form of two lemmas.
Lemma 2.2. [1] Let F be any field and T :Fn → Fn a linear transformation with minimal poly-
nomial f1(x)s1 · · ·fl(x)sl , where f1, . . . , fl ∈ F [x] are distinct monic irreducible polynomials.
Let Vi = kerfi(T )si and Ti = T |Vi :Vi → Vi , 1 i  l.
(i) We have
Fn = V1 ⊕ · · · ⊕ Vl.
(ii) Treat L(T ) and L(Ti) as lattices where the lattice operations ∨ and ∧ are respectively the
sum and intersection of subspaces. We have
L(T ) = L(T1) ⊕ · · · ⊕L(Tl).
Namely, the T -invariant subspaces of Fn are precisely U1 ⊕ · · · ⊕ Ul where Ui ∈ L(Ti),
1 i  l.
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subspaces of V containing U .
Lemma 2.3. [1] Let T :Fn → Fn be a linear transformation with minimal polynomial f (x)s ,
where f ∈ F [x] is irreducible with degf = d .
(i) For any U ∈ L(T ), let M = f (T )U . Then M ∈ L(T ), f (T )−1M ∈ L(T ), and U ∈
[M,f (T )−1M].
(ii) Assume M ∈ L(T ) and M ⊂ f (T )Fn. Then
dimF f (T )−1M/M = dimF kerf (T ). (2.6)
Moreover, let α be a root of f (x) and F(α) the extension of F obtained by adjoining α
to F . Then the lattice [M,f (T )−1M]∩L(T ) is isomorphic to the lattice of F(α)-subspaces
of F(α)m where m = [dimF kerf (T )]/d .
Lemma 2.2 and (i) of Lemma 2.3 are straightforward. To see Eq. (2.6) in (ii) of Lemma 2.3,
observe that
f (T )|f (T )−1M :f (T )−1M → M
is onto since M ⊂ f (T )Fn and that ker[f (T )|f (T )−1M ] = kerf (T ). To see the rest of (ii) in
Lemma 2.3, observe that T |f (T )−1M :f (T )−1M → f (T )−1M induces a linear transformation
T˜ :f (T )−1M/M → f (T )−1M/M.
Clearly, the minimum polynomial of T˜ is f (x). Let F [T˜ ] be the F -algebra generated by T˜ . Then
F [T˜ ] is isomorphic to the field F(α). The T -invariant F -subspaces in [M,f (T )−1M] are in one-
to-one correspondence with the F [T˜ ]-submodules of f (T )−1M/M and dim
F [T˜ ] f (T )
−1M/M =
[dimF kerf (T )]/d .
Lemma 2.4. Let f ∈ Fq [x] be irreducible with degf = d and T :Fnq → Fnq a linear transforma-
tion whose elementary divisors are
f, . . . , f︸ ︷︷ ︸
k1
, f 2, . . . , f 2︸ ︷︷ ︸
k2
, . . . , f s, . . . , f s︸ ︷︷ ︸
ks
,
where k1 + 2k2 + · · · + sks = n/d . Then∣∣L(T )∣∣Gk1+···+ks ,qd · Gk2+···+ks ,qd · · ·Gks,qd . (2.7)
Proof. By Lemma 2.3(i), we have
L(T ) =
⋃
M∈L(T |f (T )Fn )
([
M,f (T )−1M
]∩L(T )). (2.8)q
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have ∣∣[M,f (T )−1M]∩L(T )∣∣= Gk1+···+ks ,qs . (2.9)
Combining (2.8) and (2.9), we have∣∣L(T )∣∣Gk1+···+ks ,qs · ∣∣L(T |f (T )Fnq )∣∣. (2.10)
However,
T |f (T )Fnq :f (T )Fnq → f (T )Fnq
has elementary divisors
f, . . . , f︸ ︷︷ ︸
k2
, f 2, . . . , f 2︸ ︷︷ ︸
k3
, . . . , f s−1, . . . , f s−1︸ ︷︷ ︸
ks
.
Thus by induction, ∣∣L(T |f (T )Fnq )∣∣Gk2+···+ks ,qd · Gk3+···+ks ,qd · · ·Gks,qd . (2.11)
Inequality (2.7) follows from (2.10) and (2.11). 
Corollary 2.5. In the notation of Lemma 2.4,∣∣L(T )∣∣Dsq d4 [k1(k1+2k2+···+2ks)+2k2(k2+2k3+···+2ks )+···+sks ·ks ], (2.12)
where D is the absolute constant in (2.2). In particular,∣∣L(T )∣∣Dsq 14d n2 . (2.13)
Proof. By Lemma 2.4 and (2.2), we have
∣∣L(T )∣∣Dsq d4 [(k1+···+ks)2+(k2+···+ks)2+···+k2s ]. (2.14)
In (2.14),
(k1 + · · · + ks)2 + (k2 + · · · + ks)2 + · · · + k2s
= [(k1 + · · · + ks)2 − (k2 + · · · + ks)2]+ 2[(k2 + · · · + ks)2 − (k3 + · · · + ks)2]
+ · · · + sk2s
= k1(k1 + 2k2 + · · · + 2ks) + 2k2(k2 + 2k3 + · · · + 2ks) + · · · + sks · ks.
Thus (2.12) is proved. Inequality (2.13) immediately follows from (2.14) since
(k1 + · · · + ks)2 + (k2 + · · · + ks)2 + · · · + k2s  (k1 + 2k2 + · · · + sks)2 =
(n
d
)2
. 
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We will show that there is a constant  > 0 such that when n is sufficiently large,
max
σ∈Sn\{id}
∣∣[σ ]∣∣∣∣L(Tσ )∣∣ 2 14 n2−n. (3.1)
The main result, statement (2.4), follows form (3.1) immediately. In fact, by (3.1) and Lemma 2.1,
for sufficiently large n,
2−
1
4 n
2 ∑
σ∈Sn\{id}
∣∣L(Tσ )∣∣ p(n)2−n,
and by (2.5), p(n)2−n → 0 as n → ∞.
We now turn to the proof of (3.1). Let σ ∈ Sn \ {id} and let the elementary divisors of Tσ be
(x − 1), . . . , (x − 1)︸ ︷︷ ︸
k1
, . . . , (x − 1)s, . . . , (x − 1)s︸ ︷︷ ︸
ks
and
fi, . . . , fi︸ ︷︷ ︸
ki1
, . . . , f
si
i , . . . , f
si
i︸ ︷︷ ︸
ki,si
, 1 i  l,
where f1, . . . , fl ∈ F2[x] are distinct monic irreducible polynomials with degfi = di > 1,
ks > 0, ki,si > 0, 1 i  l, and
s∑
j=1
jkj +
l∑
i=1
di
si∑
j=1
jkij = n. (3.2)
The minimal polynomial of Tσ is (x − 1)sf s11 · · ·f sll .
Let T0 = Tσ |ker(Tσ−id)s and Ti = Tσ |kerfi(Tσ )si , 1 i  l. Then we have
∣∣L(Tσ )∣∣= ∣∣L(T0)∣∣ l∏
i=1
∣∣L(Ti)∣∣ (by Lemma 2.2(ii))
Ds2
1
4
∑s
j=1 jkj (kj+2kj+1+···+2ks)
l∏
i=1
Dsi 2
1
4di
[
di
∑si
j=1 jkij
]2
(by (2.12) and (2.13))
Ds+s1+···+sl 2
1
4
∑s
j=1 jkj (kj+2kj+1+···+2ks) · 2 18
[∑l
i=1 di
∑si
j=1 jkij
]2 (since di  2)
= Ds+s1+···+sl 2 14
∑s
j=1 jkj (kj+2kj+1+···+2ks)+ 18
[
n−∑sj=1 jkj ]2 (by (3.2)). (3.3)
Case 1.
∑s
j=1 jkj  n2 . By (3.3), we have
∣∣L(Tσ )∣∣Dn2 14 [∑sj=1 jkj ]2+ 18 n2 Dn2 14 ( n2 )2+ 18 n2 = 2 14 n2− 116 n2+n logD.
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Case 2.
∑s
j=1 jkj > n/2. Let c be the number of elements in {1, . . . , n} fixed by σ ; it is the
number of cycles of length 1 in σ . Note that c n − 2 since σ = id.
Case 2.1. c  n/2. Note that among the k1 elementary divisors x − 1 of Tσ , k1 − c of them
are from the cycles of σ of odd length  3. A cycle of σ of odd length t  3 contributes to the
list of elementary divisors of Tσ the irreducible factors of xt − 1, which are an x − 1 and some
distinct irreducibles of degree  2. Therefore, the sum of the odd cycle-lengths  3 in σ is at
least 3(k1 − c) and at most k1 − c+∑li=1 diki1. (In fact, this sum is equal to k1 − c+∑li=1 diki1
since the cycles of σ of even length never contribute irreducible factors to the list of elementary
divisors of Tσ .) Thus,
3(k1 − c) k1 − c +
l∑
i=1
diki1,
which, combined with (3.2), gives
k1 − c 12
l∑
i=1
diki1 
1
2
(
n −
s∑
j=1
jkj
)
 n
4
. (3.5)
Hence k1  c + n4  n2 + n4 = 34n. Observe that
s∑
j=1
jkj (kj + 2kj+1 + · · · + 2ks)
 k1 · 23 (k1 + 2k2 + · · · + sks) + k1 ·
1
3
(k1 + 2k2)
+ 2k2 · 23 (k1 + 2k2 + · · · + sks) + · · · + sks ·
2
3
(k1 + 2k2 + · · · + sks)
= 2
3
(
s∑
j=1
jkj
)2
+ 1
3
k1(k1 + 2k2)
 2
3
(
s∑
j=1
jkj
)2
+ 1
4
n2 (since k1  3n/4 and k1 + 2k2  n).
Thus by (3.3), we have
∣∣L(Tσ )∣∣Dn2 14 [ 23 (∑sj=1 jkj )2+ 14 n2]+ 18 [n−∑sj=1 jkj ]2
Dn2
1
6
(∑s
j=1 jkj
)2+ 18 [n−∑sj=1 jkj ]2+ 116 n2
Dn2 16 n2+ 116 n2 = 2 14 n2− 148 n2+n logD.
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∣∣[σ ]∣∣∣∣L(Tσ )∣∣ nn∣∣L(Tσ )∣∣ 2 14 n2− 148 n2+n(logn+logD). (3.6)
Case 2.2. c > n/2. Note that
s∑
j=1
jkj (kj + 2kj+1 + · · · + 2ks)
 k1(k1 + 2k2 + · · · + sks) + 2k2(2k2 + · · · + sks) + · · · + sks(2k2 + · · · + sks)
=
(
s∑
j=1
jkj
)2
− k1
s∑
j=2
jkj .
Thus by (3.3), we have
∣∣L(Tσ )∣∣Ds+s1+···+sl 2 14 [(∑sj=1 jkj )2−k1∑sj=2 jkj ]+ 18 [n−∑sj=1 jkj ]2 . (3.7)
Since ks > 0, we have
s∑
j=1
jkj  k1 + s − 1 c + s − 1. (3.8)
Since ki,si > 0, 1 i  l, we have
s1 + · · · + sl 
l∑
i=1
di
si∑
j=1
jkij = n −
s∑
j=1
jkj . (3.9)
Combining (3.8) and (3.9), we have
s + s1 + · · · + sl  n − c + 1. (3.10)
By (3.5),
n −
s∑
j=1
jkj  2(k1 − c) k1 − c.
Thus
n −
s∑
jkj 
1
2
[
n −
s∑
jkj + k1 − c
]
= 1
2
[
n − c −
s∑
jkj
]
. (3.11)j=1 j=1 j=2
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∣∣L(Tσ )∣∣Dn−c+12 14 [(∑sj=1 jkj )2+(n−∑sj=1 jkj )2−k1∑sj=2 jkj ]
Dn−c+12
1
4
[
n2−2(∑sj=1 jkj )(n−∑sj=1 jkj )−k1∑sj=2 jkj ]
Dn−c+12
1
4
[
n2−(∑sj=1 jkj )(n−c−∑sj=2 jkj )−k1∑sj=2 jkj ]
Dn−c+12
1
4
[
n2−k1(n−c−∑sj=2 jkj )−k1∑sj=2 jkj ]
= Dn−c+12 14 n2− 14 k1(n−c)
Dn−c+12 14 n2− 18 n(n−c) (since k1  c > n/2).
Since σ fixes c elements in {1, . . . , n}, it is clear that
∣∣[σ ]∣∣ ( n
n − c
)
· (n − c)! n2(n−c).
Therefore,
∣∣[σ ]∣∣∣∣L(Tσ )∣∣ n2(n−c)Dn−c+12 14 n2− 18 n(n−c) = 2 14 n2− 18 n(n−c)+2(n−c) logn+(n−c+1) logD
= 2 14 n2+(n−c)
(− 18 n+2 logn+logD)+logD.
When n is sufficiently large, − 18n + 2 logn + logD < 0, hence∣∣[σ ]∣∣∣∣L(Tσ )∣∣ 2 14 n2+2(− 18 n+2 logn+logD)+logD (since n − c 2)
= 2 14 n2− 14 n+4 logn+3 logD. (3.12)
To complete the proof, choose  > 0 such that when n is sufficiently large,
max
{
− 1
48
n2 + n(logn + logD), −1
4
n + 4 logn + 3 logD
}
−n. (3.13)
By (3.4), (3.6), (3.12), and (3.13), we have
max
σ∈Sn\{id}
∣∣[σ ]∣∣∣∣L(Tσ )∣∣ 2 14 n2−n
for sufficiently large n. Therefore, (3.1) is proved.
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